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Abstract 

The first two Hamiltonian structures and the recursion operator connecting all evolution 
systems and Hamiltonian structures of the N = 2 supersymmetric {n, m)-GNLS hierarchy are 
constructed in terms of = 2 superfields in two different superfield bases with local evolution 
equations. Their bosonic limits are studied in detail. New local and nonlocal bosonic and 
fermionic integrals both for the N = 2 supersymmetric (n, m)-GNLS hierarchy and its bosonic 
counterparts are derived. As an example, in the n=l, m=l case, the algebra and the symmetry 
transformations for some of them are worked out and a rich N=4 supersymmetry structure is 
uncovered. 
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1. Introduction. Recently there has been an intense research activity on N=2 supersym- 
metric integrable hierarchy. Basically this stems from the interest spurred by the ordinary 
integrable hierarchies and their relation to the 2D gravity and N=2 supersymmetric models 
representing superstring vacua. Although an analysis of this connection for the N=2 supersym- 
metric integrable hierarchies is still lacking, it is nevertheless a fact that the latter hierarchies 
have extremely rich and interesting structures. In |l| a large class of such hierarchies was 
introduced: the N = 2 supersymmetric (n, m) Generalized Nonlinear Schrodinger (GNLS) 
hierarchies. They were subsequently studied in a number of other papers, 0, H, ^, ^, |[ . 

The goal of the present letter is to fill a gap in our knowledge of these hierarchies by analyzing 
their Hamiltonian structures. In particular we produce here the first two Hamiltonian structures 
and the relevant recursion operators, as well as related local and non-local conserved charges, 
in two different superfield representations which possess local flow equations. 

Let us start with a short summary of the main facts concerning the N = 2 supersjTiimetric 
(n, m)-GNLS hierarchy ^ which will be useful in what follows. 

The Lax operator of the N = 2 supersymmetric (n, m)-GNLS hierarchy has the following 
formQ 

L = d- ^{FaFa + FaDd-' [dF J ) , [D , L] = 0, (1) 

where Fa{Z) and Fa{Z) {a,b = 1, . . . , n + m) are chiral and antichiral N = 2 superfields 

DFa{Z) = 0, DFa{Z) = (}, (2) 

respectively. They are bosonic for a = 1, . . . , n and fermionic for a = n + 1, . . . ,n + m, i.e., 
FaFii = {—lY'''^'' Ff,Fa, where da = 1 {da = 0) is the Grassman parity for fermionic (bosonic) 
superfields; Z = {z, 9, 0) is a coordinate of the N = 2 superspace, dZ = dzdOdO and D are 
the N = 2 supersymmetric fermionic covariant derivatives 

For p = 0, 1, 2, .., the Lax operator L provides the consistent flows 

^L=[(L^)>i,L]. (4) 

An infinite number of Hamiltonians can be obtained as follows: 

Hp = j dZHp, n, = (L^')o, (5) 

where the subscripts > 1 and mean the sum of the purely derivative terms and the constant 
part of the operator, respectively^. The evolution equations (|) for the superfields Fa and Fa 
are local, 

i-Fa = {{Ln>,Fa)o, i-Fa = (-ir^((L* ^)>lF,)o, (6) 



^Summation over repeated indices is understood and the square brackets mean that the relevant operators 
act only on superfields inside the brackets. 

^An alternative Lax representation of the N = 2 supersymmetric {n, m)-GNLS hierarchy was proposed in 
|3j. Its relation to our Lax representation is not completely clear to us. 
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and they admit the complex structure 



p* 



F 



-lY^-^Fa, 9* =9, 9* =9, t; 



pi 



(7) 



where i is the imaginary unity, and L* is the complex-conjugate Lax operator 



L*=d + -{FaFa + {-lY-^FaDd-^ 



DF„ 



[D,L* 



0, 



which also provides consistent flows. 

The first three flows from (^) and the first three nontrivial Hamiltonian densities from (^) 
read as: 



-^F 

dto 

a 

dt2 



F -^F — —F ■ -^F = F ' -^F 



F '■ 



F^ = Fa" + D{F,F, DFa) 



dt2 



F, = -Fa" + D{F,F,DFa), 



(9) 



^1 = —-^FaFa, H2 = -{FaFa ' + ^(-^a-^, 

'^a = --{FaFa " - - 



a J J ) 
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DFaFa DF,F, +FaFa'F,Ft+^{FaFaf), 



(10) 



respectively, where ' means the derivative with respect to z. The second flow from the set (P) 
forms the N = 2 supersymmetric (n, m)-GNLS equations. 

It is useful, as will be clear in a moment, to introduce an alternative superfield basis by 
means of {J{Z), ^j{Z), ^j{Z),j = 1, . . . , / — 1, / + 1, . . . , n, . . . , n + m}. 



J = li^FaFa - (InFi) ' ), = l=D{Fr'F,), 



:ii) 



where the index / is an arbitrary fixed index belonging to the range 1 < I < n. A different 
choice of / leads to different bases, but in the LHS of (|l2) for simplicity we drop the symbol /. 
The flows f|9|) and Hamiltonian densities fllOD now become 



dto dto ^« ato ^« 

-^J = 

ati'^ 
at2^3 



-[D,D]J-2J^ + <l>,<!>j) ', 



(12) 



Hi = -2 J, n2 = 2 J2 - <l>j$j, Hs = $j ' $i + 4:J^j^j - ADJDJ - - J^ (13) 

respectively^. In addition to the first complex structure (|^) hidden in this basis, they admit an 
extra, second complex structure 

^* = {-ty%, $; = (-^)^.$^, j* = -j, 9* = 9, r = 9, t; = {-iY+%, z* = z,{u) 

which is manifest in this basis, but it is hidden in the former one. Here, di is the Grassman parity 
of the superfields $j and ^j. We call the basis ([TTD a KdV-basis, reflecting the fact that for 

^Let us recall that Hamiltonian densities are defined up to terms which are fermionic or bosonic total 
derivatives of arbitrary nonsingular, local functions of the superfields. 
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n = 1, m = 0, eqs. (JT^) form the flows of the N = 2 supersymmetric a = 4 KdV hierarchy |^. 
In the KdV-basis, the N = 2 supersymmetric (n, m)-GNLS hierarchy of integrable equations, 
together with its Hamihonians, can be produced using formulas (|^), where the Lax operator 
L (|l]) is replaced by the gauge related Lax operator 



KdV 



Fr^LF, = d-2J- 2Dd 



-1 



(15) 



For general values of the discrete parameters n and m, the Lax representation of the hierarchy 
corresponding to eqs. (|T2p was proposed in [Q, and its relationships to the N = 2 supersym- 
metric (n, m)-GNLS hierarchy was established in 0. In addition to the transformations (|11|), 
relating egs. QT^) to @, there are other transformations (for details, see 0); however, for our 
purpose here, it will be enough to consider only these transformations. 



2. Hamiltonian structure of the N = 2 super (ra, m)-GNLS hierarchy. A bi-Hamiltonian 
system of evolution equations can be represented in the following general form: 



a 



I ab 



S/6FI 
5/5F, 



ab 



5/6F\ 
5/5F, 



pi 



6/6Fa , 

S/6F, 



(16) 



where Ji and J2 are the first and second Hamiltonian structures. Here we have introduced also 
the matrix j[ defined by the relations: 



JiJl 



H, jt'^J: 



H 



{J,, 4-'^} = I 



(17) 



where H (H) 
H = 



_ ( DDd~'6ab, _ \ 
1^ 0, DDd-Hab I ' 

HH = H, IT TT = IT, HIT = TTh 



H 



DDd-^6, 
0, 



abi 



_0 



ab 



0, H + H = / 



:i^ 



is the matrix that projects the up and down elements of a column on the chiral (antichiral) 
and antichiral (chiral) subspaces, respectively. In terms of the Hamiltonian structure Jp, the 
N = 2 supersymmetric Poisson brackets algebra of the superfields Fa and Fa are given by the 
formula: 



r Fa{Z,) 

H FaiZA 



( Ff,{Z2),Ft{Z2) )}p = iJj,)ab{Zl)6''=\Z, - Z2), 



(19) 



where 6^^'^{Z) = 995{z) is the delta function in = 2 superspace and the notation '(g)' stands 
for the tensor product. In addition to the Jacobi identities and symmetry properties respecting 
the statistics of the superfields, Jp should also satisfy the chiral consistency conditions 



HJ„ = 0, 



JpH 



J- J- J n J I} 



pi 



(20) 



which shows that all the Hamiltonian structures are represented by degenerate matrices. This 
is the peculiarity of a manifest N = 2 superinvariant description of the N = 2 supersymmetric 
(n, m)-GNLS hierarchy in terms of iV = 2 superfields, which has no analogue in the description 
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in terms of = 1 superfields or components. One should stress that this is not a pathology 
of the Hamiltonian structures, but a peculiarity of the N = 2 superfield description, which can 
be easily dealt with. 

Using the first three flows of the N = 2 supersymmetric {n, m)-GNLS hierarchy and Hamil- 
tonians with densities (jl^); we have found its flrst two Hamiltonian structures. The explicit 
expressions for them as well as for the recursion operator of the hierarchy are presented below. 
We postpone the discussion of their consistency (the Jacobi identities, the compatibility of the 
Hamiltonian structures and the hereditarity of the recursion operator) till the end of the 
next section, where we construct their explicit expressions in the KdV-basis, which are more 
suitable for this purpose. 

In spite of the very complicated form of the flrst Hamiltonian structure Ji, the expression 
for its inverse matrix is quite simple and looks likeQ 

-inl^ i~ir^F,d-'F,, Fad-'F, + 25at\^ ...^ 

^ ' ~ 4 [ {-ir-ii-ir^Fad-'F, - 25a,), i-ir-Fad-'F, ) 

Actually, in what follows, we need only the explicit expression for the matrix jj; and due to 
the very complicated form of Ji, we do not present it here. 
The second Hamiltonian structure has the following form: 



{J2)ab 



{Jll)ab, {Jl2)ab 
ab 



iJii)ab = {-ir^'^F.DDd-^Fa - FaDDd-'Ft 



b, 



{Ji2)ab = {-lY'{2DD - F,DDd-'F,)5ab + FaDDd-'F,, 

{J2i)ab = {2DD + {-lY^F, DDd-'F,)6ab - F^ DDd-^F,, 

{J22)ab = Fa DDd-^F, - {-lY^'^^F, DDd-'Fa- (22) 

Knowledge of the flrst and second Hamiltonian structures allows us to construct the recur- 
sion operator Rab of the N = 2 supersymmetric (n, m)-GNLS hierarchy using the following 
general rule: 

p - ( T -rt ( {Ri2)ab \ yf d ( Fa \ _ d f Fb \ 

Rab-W, U = ^\^R^^)^^^ {R22)abr ^ l " '^'^ l ' ^ ^ 

It is deflned up to an arbitrary additive operator which annihilates the column on the r.h.s. of 
the second relation ( p3D and can be represented as CH, where C is an arbitrary matrix-valued 
pseudo-differential operator. Substituting eqs. (0) and (|2^) into (pSf) , one can easily obtain 
the exphcit expression for Rab, 

{Rii)ab = {d+ ^F,DDd-'F,)6ab - ^i-lY' {FaDDd-'Fb + dFad-'Fb), 



{Ri2)ab = ]^{{-lY'^'''F,DDd-^Fa - FaDDd-'Fb - dFad-'Fb) 

{R2l)ab = i(-l)"''((-l)'"'''^6 DDd-'Fa-Fa DDd-^F, - dFad-'T,), 

{R22)ab = i-d + ^i-lY^F, DDd-'F,)6ab - ^(Fa DDd-^Fb + dFad-'Fb), (24) 



^Hereafter, it is understood that the derivatives d, D and D appearing in the Hamiltonian structures, are 
to be considered as operators that act on whatever is on their right. 
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and the recurrence relations for the flows, 



at 



p+i 



' - ^{FaDD - DDF,)d~'i;{F,F,) + tF,DDd-'i;{F,F,) 



at 



-i:Fa ' - \{FaDD - DDFa)d~'i-^{F,F,) + 



2 



F,DDd~^^{F,Fa). (25) 



At this point let us make a remark which will be useful in the following. Taking into account 
the local nature of flows (P) of the N = 2 supersymmetric (n, m)-GNLS hierarchy, a simple 
inspection of the recurrence relations (|2^) allows one to conclude that the time derivatives of 
the sup erf unctions 



'Hinb = FaFb 



(26) 



should be represented as the sum of total bosonic and fermionic derivatives of some local 
superfield functions. Moreover, the evolution equations for the function Hi^aa should contain 
only a total bosonic derivative. In other words the quantities 



^1. 



dZHi 



abi 



dzHi 



(27) 



are to be integrals of the flows. For the flows (|^), this can be checked by simple direct calcu- 
lations. For the p— th flow of the N = 2 supersymmetric (n, m)-GNLS hierarchy, the evolution 
equation for the Hi^aa takes the following general form 0: 

1 



a u 



((^^)o) ' 



(28) 



which agrees with the above-mentioned arguments. 

Using the Poisson brackets algebra ([T9|), (p^) one can calculate the Poisson brackets between 
the integrals Hi at and Hq (|27|) 



{Hl^ab, Hq} = 0, {Hi^ab, Hi^cd} 

where the new nonlocal integrals 

H2,, 



2(-l 



\<ia dd 



hcH2M-2{-lf'^^''^+'''^+^^5adH2, 



bci 



dZF^LF, 



(29) 



(30) 



have been introduced, L being the Lax operator (|l|). The integrals complex-conjugate with 

respect to complex structure (^ -f^2ad related to H2,da as H2ad = (~1) ^ -f^2,da- Re- 
peatedly applying the same procedure one can generate new series of nonlocal integrals. 

Acting p-times with the recursion operator ([23|), ( ^^ on the zeroth flow from the set (^) and 
on the second Hamiltonian structure (0) of the N = 2 supersymmetric (n, m)-GNLS hierarchy, 
one can derive p-th flow, as well as the {p + 2)-th Hamiltonian structure. 



dt„ 



(i?P 



'ab 



F± 

-Fb 



J, 



p+2 



(31) 



respectively. Substituting the explicit expressions (^ 



for the recursion operator into the 



first formula of eqs. 
flow: 

-^F 



Tp, we obtain, for example, the following set of equations for the 3-th 



Fa "' + ^-D{D{FbFbFa ') 



]^{FbFbfDFa + 



Fa "' - '^D{D{FbFbFa ') + ]^{FbFbfDFa - 



DFt 
DFt 



DFb 
DFt 



DFa), 
DFa), 



(32) 
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which coincides with the corresponding set that can be derived using eqs. and gives a 
confirmation of the above-constructed formulas. The flows allow the Hamiltonian densities (H) 
corresponding to them to be constructed using eq. (|28|), 

n, = -^d~'i-^iF,F,), (33) 

without knowing the Lax operator. Thus, almost all information about the N = 2 supersym- 
metric (n, m)-GNLS hierarchy is encoded in its recursion operator. 

For the particular cases n = 0,m = 1 and n = l,m = 0, the expressions (^), 
(|2^) for the Hamiltonian structures and the recursion operator of the N = 2 supersymmetric 
(n, m)-GNLS hierarchy reproduce the corresponding expressions constructed in [||, 



22) and (M)- 



KdV\ 



dtp 



Kdv\i-i) a 

ij dtp 



(Jf-) 



i-Ji 



( J 



3. Hamiltonian structure of the N = 2 super (n, m)-GNLS hierarchy in the KdV- 
basis. In the KdV-basis (0), the general set of bi-Hamiltonian equations (|I6|) takes the form: 

J \ / 5/5J_ \ ( 6/6J 

( 5/5J 



jKdV\ 
'2 Jij 



Hp, 



p+i- 



(34) 



The Hamiltonian structures Jp"^^ are related to Jp (|3TD by the general rule[| 



KdV\ 



Qia{Jp)abiG^ 



(4 



-1)' 



ab 



whereQ 



Gia = 



j.DFr\6,,-Fr'FA 



alji 
al}i 



\ 



V2 



DFA 



V2 





DFi5^ 



H 



(35) 



(36) 



is the matrix of Frechet derivatives corresponding to the transformation {J, $j, $j} ^ {FaiFg} 
([TT|) to the KdV-basis. Using eqs. 
for the firstQ 



2]) and (^) , one can derive the following expressions 



KdV\ 





0, 




0, 




DDd-^ 




0, 


0, 


0, 





-l)*DD9"i5„- I d 




-1 



KdV ( jKdV\{~l) 




(37) 



^Let us recall the rules for the adjoint conjugation operation T: = 
(^—X^dgdppTQT^ where Q and P are arbitrary operators. In addition, for matrices, it is necessary to take 
the operation of the matrix transposition. All other rules can be derived using these. 

^Let us remember that the index / is an arbitrary fixed index belonging to the range 1 < I < n. Therefore, 
in (|3^), there is no summation over repeated indices I. 

''Here, di is the Grassman parity of the superfields $i and 
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and for the second, 



/ -^11, iJl2)j, iJl3)j 
{J2 )ij = (-^2l)j, iJ22)ij, {J2-i)ij 
\ {J-il)h {J32)ij, (<^33)ii 

Jii = -^{^[D,D]d + DJD + DJD + dJ + Jd), 

(J21). = + (J31), = iD((-l)*$,D + D<l>,), 

{J22hj = ^^DD^-^^j - i-lf^'^^^jDm-^^i, 

{J23h = (D{d - 2J)D - {-lY-^^DDd-'^rn)S^j +^^DDd-'^,, 

{J32)ij = -{-^Y' (Did + 2J)D - <!>^DDd-'^^)6ij - <!>,DDd-'^j, (3J 

Hamiltonian structures, respectively, and construct the recursion operator: 



at 



■p+i 









TiKdv a I 

^ij dtp 









( 4Jn, 


"(•^13)^-, 


ij — 


4(J2l)^, 


-( 


J23)ij^ 




V 4(J3i)i, 


~(<^33)tj) 


' J \ 






( J' 










.^3 ) 









-lf^{J32) 



(39) 



of the N = 2 supersymmetric (n, m)-GNLS hierarchy in the KdV-basis. 

The Jacobi identities for the first Hamiltonian structure J^'^^ (|37|) are obviously satisfied as 



for the constant-coefficient operator with the correct symmetry properties. For the particular 
cases n = 1, m = (n = 0, m = 1) and n = l,m = 1, Jf^'^^ was found in |10|, 0] and 0, 
respectively, and the hereditary recursion operator for the former case was constructed in . 

In regard to the Jacobi identities for the second Hamiltonian structure (^), for the particular 
case n = 1, m = (n = 0, m = 1), J^'^^ coincides with the N = 2 superconformal algebra 
which is the second Hamiltonian structure of the N = 2 a = 4 KdV hierarchy [|^, and for the 
case = 1, m = 1, it forms the = 4 SU (2) superconformal algebra — the second Hamiltonian 
structure of the = 4 SU {2)-KdV hierarchy 0. Therefore, for these cases, they are satisfied. 
We did not check them for the other values of the discrete parameters n and m. However, 
we have verified the J^^"^^ for the first four flows of the N = 2 supersymmetric (n, m)-GNLS 
hierarchy at arbitraty values of n and m. Moreover, in what follows, we check that in the 
bosonic limit it correctly reproduces the second Hamiltonian structure of the bosonic GNLS 
hierarchy for arbitrary value of the parameter m. Taking into account these arguments, it is 
natural to expect that the expressions (|38|) for the general supersymmetric case are correct, but 
we do not present a proof here. 

For arbitrary values of the parameters n and m, the Hamiltonian structures Jf and J^'^^ 
are obviously compatible: the deformation of the superfield J ^ J + 1, where 7 is an arbitrary 
parameter, transforms J^"^^ into the Hamiltonian structure defined by their algebraic sum 
jKdv _ 2jJ^'^^ . Thus, one can conclude that the recursion operator Rf^^ (^) is hereditary 



as the operator obtained from the compatible pair of the Hamiltonian structures 
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Let us remark that the second Hamiltonian structures J^'^^ form the extended N = 2 
superconformal algebras, possessing a manifest N = 2 supersymmetry, with the N = 2 stress- 
tensor J{Z) and spin-1 primary fermionic and bosonic supercurrents, ^i{Z) and ^i{Z). For 
general values of the parameters n and m, these algebras are nonlocal. Taking into account that 
the N = 2 superconformal algebra can be derived via the Hamiltonian reduction of the N = 2 
s/(2|l) affine superalgebra, it is reasonable to conjecture the existence of a similar relation of 
our superalgebras to the = 2 s/(A;|A; — 1) affine superalgebras [|12]. The detailed analysis of 
this complicated problem is however out the scope of the present letter. 

In the KdV-basis (|ll|)5 there are also series of local and nonlocal additional integrals, 



ttKcLV 
^0 



Hi 



KdV 



JjKdV 



TjKdV 



dzJ, H{ 



KdV 



dzD^i 



dZ^id-'^j, H^/'' = I dZ 
1 



dZ 



KdV o-l 



■KdV^ 



KdV 



JjKdV 

2,i 



dz 



dZ 



2 ^ { 



KdVi 



KdV 



(40) 



corresponding to the integrals (^), ( pTD and {^), as well as their complex-conjugates with 
respect to complex structure (0). Up to normalization constants, here are some of them: 



*KdV 



I 



dzD^i, HI 



*KdV 



dZ 



J 



-lYi — 

2 ^ ^ 



H. 



*KdV 



dz 



j^.KdV. 



H: 



*KdV 
2A 



dZ 



J 



L*KdVjjQ-i^,_ (41) 



These are algebraically independent with respect to integrals (|40|). Here, L^'^^ is the Lax 
operator ([T5|) , and L*^'^^ is its complex-conjugate operator with respect to complex structure 

(0)- 

Let us remark that for the particular case n = l,m = 1, the Poisson barckets between the 
superfield integrals H^'^^, H^^f^ and H^^'^^, calculated using the second Hamiltonian structure 
J^'^^ , form the global = 4 supersymmetric algebra in one dimension. The Poisson brackets 
between these integrals and the superfields J, $i and $i generate the = 4 infinitesimal 
transformations of the last ones, which are symmetry transformations of the N = 4 SU{2)- 
KdV hierarchy. As an example, we present the transformations generated by the sum eH^^f^ + 
^ff*Kdv ^Yie integrals. 



SJ = ^{eD^i + e D<l>i), = -2eDJ, e$i = -2e DJ, 



(42) 



which coincide with the transformations of the hidden N = 2 supersymmetry of the A^ = 4 
SU{2)-KdV hierarchy, derived in [Q. Here, e and e are the fermionic parameters of the trans- 
formation. In the former superfield basis {Fa, Fa}, the A^ = 4 supersymmetric transformations 
are generated by the integrals Hq and Hi 12 (pBf), (|27D as well as by the integral 



Fo 
dZ—, 



(43) 
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which corresponds to the integral H^^'^^ . In this basis the transformations P^ ) become^ 



_l\d.a 

V2 



SFa = ^^(e((29 + FbDDd-'Ft)Fi5a2 + F^DDd-^FaF^) + tF^Sai] 



SFa = ^^{l{{-2d + {-lY'^F,DDd-^F,)F25ai - {-if'^F^ DDd~^FaF^) - eFi6a2). (44) 

We have checked that transformations (^4]) are indeed the symmetry transformations for the 
N = 2 supersymmetric (1, 1)-GNLS equations (P) and that their Lie brackets coincide with the 



brackets for the transformations (0). Thus, the N = 2 supersymmetric (1, 1)-GNLS hierarchy 
can also be called the = 4 supersymmetric NLS-mNLS hierarchy reflecting the name of its 
first nontrivial bosonic representative (see the next section)^ In fact, it possesses one more 
= 4 supersymmetry which one can derive by the complex-conjugation operation with respect 
to the first complex structure (|^ applied either to the integrals Hq, iJi,i2 and ^ or directly to 
their = 4 supersymmetry transformations. One can easily observe that under this operation 
the first integral, which form the standard N = 2 supersymmetry, only change the overall 
sign, while the other two integrals are drastically changed (together with the transformations 
generated by them). Thus, one can conclude that these two different = 4 supersymmetries 
intersect along the N = 2 supersymmetry. Without going to more details, we present the new 
t r ansf ormations , 



71" 



SFa = ^-^(?((29 + F,DDd-^F,)F25ai - {-if^F^DDd-^FaF,) - eF^5a2] 



5Fa = ^-^{t{{2d - {-iy^F,DDd-'F,)Fi6a2 + F^DDd-^FaF^) - ? Fa^.i), (45) 

which are the counterparts of the transformations (^^. Here, e and e are the two new indepen- 
dent fermionic parameters. We have also checked that the algebraic closure of these two sets 
of A^ = 4 supersymmetric generator integrals contain new integrals, but the detailed analysis 
of the resulting algebra will be discussed elsewhere. Let us only mention that the transforma- 
tions with the parameters e and e in the closing generate the transformations of the G'L(1|1) 
supergrop]^. 

As for generic values of the parameters n and m, the algebras of the corresponding integrals 
and the transformation properties of the superfields can be derived in a similar way, but again 
their detailed description will not be given here. 

4. Bosonic limit of the N = 2 super {n, m)-GNLS Hamiltonian structure. To derive 
the bosonic limit, we set all fermionic components of the superfields Fa and Fa equal to zero 
and define the bosonic components as 



^ F\ h - ^ 



Fa\, bp = ^Fp\, l<a,p<n, 



®To derive the transformations generated by integral (^), it is necessary to remove the ambiguity in the 
operators DDd~^l and dd^^l that appear in the calculations by setting DDd"^! = {DDd~^)l = — 1 and 
dd~^l = = 1. Let us remark that in spite of the chiral nature of the integrated function in general, 

the integral (^3|) is not equal to zero due to its singularity, and the surface terms should be taken into account. 

^For other examples of iV = 4 supersymmetric NLS-type integrable hierarchies, see the recent paper [|l3| 
^°Let us recall that, for general values of the parameters n and m, the N ~ 2 supersymmetric {n, m)-GNLS 
hierarchy is invariant with respect to GL{n\m) supergrop Q. 
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9s = -^DF,+n\ exp{-d ^{h^hp)), = -^DFp+„| exp(9 ^{b^bf^)), 1 < s,p < m, (46) 

where | means the {6, 6) ^ hmit. In terms of such components, the second flow equations 
(|^) for the fields ba,ba and gs,gs are completely decoupled: 

^6, = 6. " - 2bpbpb^ ^ba = " - 2bpb(,K (47) 
-§[;9s =9s" - 2gpgpgs, -§^gs = -9s " + '^9p9p9s- (48) 



The set of equations (||) and (0) form the bosonic GNLS and modified GNLS (mGNLS) 
[m equations, respectively. 

The bosonic limit of the Hamiltonian structures ( pTj ) and (p^), recursion operator (0), (|2^, 
and integrals (|^), (|27|) and (|30D , corresponding to equations (^) and (|48|) , also splits into two 
independent structures, which one can see from the following explicit expressions: 



( jmGNLS\-i ^ ( ba'd_^bp + bad_'^bp ', ba ' d ^bp + b^d ^bpd + d5a(3 \ /.qx 



-ba 'd"^bi3 - bo^d'^b/sd + d6af3, 'd'^b/s - bad^^bp 



for the first, and. 



( jmGNLS^ ^ / bpd ^ba-b^d ^bp, (1 \)5„_^ + M ^6/3, \ , . 

^ ' '""^ [ -(1 + b,d'%)5^p + b^d-%, b^d-'b^ - b^d~%, I ' 

( JGNLS^ _( 9pd'^9s + 9sd'^9p, {d - gcd-^g^)6sp - gsd'%, \ , . 

^ ' ~[id- 9.d-'9c)Ssp - 9sd~'gp, gpd-% + g,,d-%, ) ' ^'^^ 

for the second Hamiltonian structures, and, 

j^mGNLS ^ (1 r b.fd-%)d6^j - b^ 'd-^bf3, b^ap'^bp] + [b^d-%, d] \ . . 

^ b^^d~%^ + [b^d-%,di -{i + h,d~'b,)d5^p-bjd~% ^^"^ 

tdGnls ^ ( {d - gcd'^ge)Ssp - 9sd'%, -gpd^^gs - gsd~^gp \ , 

[ 9pd-'gs + 9sd^%, i-d + g,d~'gc)Ssp + g^d-'gp j ' ^^^^ 

for the recursion operator, as well as, 

Hl^^oNLs ^ j dzb^d^l - b^d-%)bp ' = J dzKL'^^^^^bp (55) 

^iT^ = / dz9s9p. H^fp"-' = J dzg,{d ~ 9cd-%)9p = / dzg.L^'^^'' gp, (56) 
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for the integrals, where L'^gnls ^^^^ j^gnls ^^^^ ^-j^g 'Lq,:^ operators of the mGNLS and GNLS 
hierarchiesj^. In the bosonic hmit, the expressions for the Hamiltonian densities (^) given by 
eq. ( |33D look as follows: 

^;^^^^ = 5"'4;(&Ja'), (57) 



The Hamiltonian structures ([50|), (0) and (pSD, as well as the recursion operator (|54D of 
the GNLS hierarchy, reproduce the corresponding expressions constructed in Regarding 



Hamiltonian structures (|i9|) and (0), as well as recursion operator (|53|) for the mGNLS hierar- 
chy, they coincide for the particular case n = 1 with the corresponding expressions obtained in 
||16|| . However, for a general value of n, to our knowledge, they are presented for the first time. 



5. Conclusion. In this Letter, we have constructed the first and second Hamiltonian struc- 
) and (0), as well as the recursion operators, (|23|) , ( p4|) and (p9D , which 
connect all evolution systems and Hamiltonian structures of the N = 2 supersymmetric (n, m)- 
GNLS hierarchy in two different superfield bases characterized by local evolution equations. 
For general values of n and m, to our knowledge, they are presented here for the first time. We 
have also produced their bosonic counterparts (^9D-(|54D. Finally we have constructed the new 
local and nonlocal bosonic and fermionic integrals (^61) , (p7|), (^), (|40|), (|4ll) , (^31) , ( ^5]) and 
(|56| ) of the supersymmetric and bosonic hierarchies. 



tures, (P), 



(37 
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